Abstract. Generalizations of the theorem of Forelli to holomorphic mappings into complex spaces are given.
class C ∞ in a neighbourhood of the origin. Then there exists a pluripolar subset S of P n−1 (C) such that f is holomorphic in a neighbourhood of B n − {l : l ∈ S}. 
Preliminaries
2.1. Definition. For r > 0 put ∆ r = ∆(0, r) = {|z| < r} ⊂ C and ∆ 1 = ∆.
Let X be a complex space. We say that X has the Hartogs extension property (briefly X has (HEP)) if every holomorphic mapping, from a Riemann domain Ω over a Stein manifold into X, can be extended holomorphically to Ω, the envelope of holomorphy of Ω.
Let
It is well known ([Shi1] or [I] ) that X has (HEP) iff every holomorphic mapping f : H 2 (r) → X extends holomorphically over ∆ 2 .
The class of complex spaces having (HEP) is large: it contains the taut complex spaces [Fu] , complex Lie groups [ASY] , and complete hermitian complex manifolds with non-positive holomorphic sectional curvature [Shi1] . In particular, Ivashkovich [I] showed that a holomorphically convex Kähler manifold has (HEP) iff it contains no rational curves. This was generalized to holomorphically convex Kähler spaces by Do Duc Thai [T] . 
The class of complex spaces of Hartogs type is rather large. It is easy to see that it contains the complex spaces having (HEP) and the hyperbolic complex spaces.
2.3.
Definition. Let M be a complex space. We say that M has the Forelli property for the unit ball B n of C n (briefly M has (FP)) if whenever a mapping f : B n → M is holomorphic on the intersection of B n with every complex line l passing through the origin, and f is of class C ∞ in a neighbourhood of the origin, then f is holomorphic in B n .
Examples. (a) The complex plane C has the Forelli property (see [Ru, p. 60] ).
(b) Every complex space of Stein type has the Forelli property (see [TP] ).
2.4.
Let l a be a complex line passing through the origin of C n . Then in C n , the set l a is given by {t(a 1 , . . . , a n ) : t ∈ C}. Thus we can consider l a as a point a = [a 1 : . . . : a n ] in P n−1 (C).
Let S be a subset of a complex manifold M . We say that S is pluripolar if for any
x 0 ∈ S there are an open neighbourhood U of x 0 in M and a plurisubharmonic function ϕ : U → [−∞, ∞) such that S ∩ U ⊂ {ϕ = −∞}. 2.6. For z = (z 1 , . . . , z n ) ∈ C n , we let z = (|z 1 | 2 + · · · + |z n | 2 ) 1/2 . For each R > 0 put B n R = B n (0, R) = {z ∈ C n : z < R}, B n = B n 1 .
Proofs of the main results.
In order to prove Theorem A we need the following lemma: [Ru, p. 60] , there exists r 0 > 0 such that
Proof of Theorem A. By the theorem of Forelli
for R > 0 and 0 < h ≤ 1. It is easy to see that {T R,h } is a family of open sets which is increasing when h is increasing and
Define
: g does not extend to any neighbourhood
It is easy to see that S R is closed. We now prove that S R is pluripolar. Indeed, by the hypothesis and since
it follows that the mapping g w (w n ) = g(w , w n ) = f (w n w , w n ) is holomorphic on some neighbourhood of ∆ R . From Lemma 3.1, there exists a closed pluripolar subset S R of B n−1 R such that g extends to a holomorphic mapping
On the other hand, by the definition of S R and S R , we get z ∈ S R . Thus g extends holomorphically over a neighbourhood of (z × ∆ R ) ∩ T . This means that g is holomorphic on an open neighbourhood of z. This also implies that g is holomorphic on an open neighbourhood of T − S.
Consider the mapping p :
, we conclude that f is holomorphic on an open neighbourhood of B n − a∈S l a , where S is pluripolar in P n−1 (C).
In order to prove Theorem B we need the following lemma:
Lemma ([Shi2]). Let M be a complex space having (HEP). Let U, V
be domains in C m , C n respectively and let V 0 be an open subset of V . If f : U × V 0 → M is a holomorphic map such that f z extends holomorphically to V for almost all z ∈ U , then f extends holomorphically to U × V . [Ru, p. 60] , there exists r 0 > 0 such that f is holomorphic in B n r 0 . Put r * = sup{r ∈ (0, 1) : f is holomorphic in B n r }. Then f is holomorphic in B n r * . Suppose r * < 1.
Proof of Theorem B. By the theorem of Forelli
Step 1.
there exists α 0 ∈ (0, 1) such that
Put ψ( p ) = p . Consider the map ϕ : ∆ → B n given by ϕ(z) = z.p/ p and the composite map
On the other hand, since
we have p ∈ ∆ r 0 , and hence
Step 2. We now prove that, for each p 0 ∈ ∂B n r * , there exists δ p 0 > 0 such that the restriction of f to B(p 0 , δ p 0 ) is holomorphic. Without loss of generality we may assume that p 0 = (0, . . . , 0, r * ).
By using again the mappings ϕ 1 , g and the definitions of T , T R,h , we find that g is holomorphic in T R,(r * ) 2 for all R > 0. By Step 1 and since ϕ 1 is biholomorphic, there exists δ > 0 such that g (B(p 0 , δ) ) is contained in a subset S 0 of Hartogs type. Note that ϕ 1 (p 0 ) = p 0 .
Take a sufficiently small δ 1 ) . Thus the assertion of Step 2 follows from the fact that ϕ 1 is a biholomorphic mapping.
Step 3. For each p ∈ B n r * put
Step 2, we know that δ p is positive.
On the other hand, it is easy to see that
This implies that the function δ : B n r * → R + * is continuous. Hence min p∈B n r * δ(p) = δ r * > 0. Then f is holomorphic in B n r * +δ r * B n r * . This is a contradiction.
The following lemma plays an essential role in proving Theorem C: Necessity. By Lemma 3.5, it suffices to prove that M contains no rational curve.
Lemma ([T]). Let
Suppose that
(1) there exists a rational curve ϕ : P 1 (C) → M and ϕ = const.
Consider the mapping f :
Then it is easy to check that f is C ∞ in an open neighbourhood of the origin and the restriction of f to each complex line through the origin is holomorphic. Since M has (FP), ϕ • f is holomorphic. In particular, it is continuous, and hence the following limit exists:
From (1), it follows that
(a) is a finite set in P 1 (C).
The proof is complete.
In order to prove Theorem D we need the following lemma: If f z has a meromorphic extension to V for almost all z ∈ U , then f has a meromorphic extension to U × V .
Proof of Theorem D.
We use the argument of the first part of Theorem A. By the theorem of Forelli [Ru, p. 60] , there exists r 0 > 0 such that g is holomorphic in T R,r 2 0 for all R > 0. From Lemma 3.7, we deduce that g is meromorphic in T R,1 . Since T = R>0 T R,1 , g is meromorphic in T . On the other hand, since B n = n i=1 (B n − {z i = 0}) ∪ B n r 0 , we conclude that f is meromorphic in B n . 3.9. Remark. The Kähler property in Theorem D cannot be omitted. Consider the Hopf surface S = C 2 −{0}/z ∼ 2z and the canonical projection ϕ : C 2 − {0} → S. Then ϕ is holomorphic on any complex curve through 0 but does not extend meromorphically to C 2 . Let f : B 2 → S be the holomorphic mapping given by f (z, w) = ϕ((z + w − 1) 2 , (z − w) 2 ). It is easy to see that the limit lim t→0 ϕ(t, t) exists and equals f (1/2, 1/2). But f is not meromorphic at 0.
